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ON THE EXPANSION OF AN AEBITEABY FUNCTION IN TEEMS 
OF LAPLACE'S FUNCTIONS. 

By PBor. W. H. EcHots, Oharlottesville, Va. 

1. We recall the following theorem : 

Iff(x) is a one-valued and continuous function that can be expanded in 
integral powers of a; — a throughout an interval ( (a, /?) ), where 2a = a -[- /3, 
then cany(a;) be expanded in the series 

f{x) = ^0 + -^l^lC*) + ^2<Pii»') + •■■, (1) 

where ^r(«), (r ^ 1, 2, . . .), are rational integral functions of x of degree r 
constructed according to any assigned law and the coefficients A^ are inde- 
pendent of X. The series (1) being convergent and representing /"(«) in 

A demonstration of this consists in designing a rational integral function, 
with the given ^,(33) functions, 

A + -^if i(«) + . . • + A„f„{x) , (2) 

which shall cuty(aj) ata^a^ and at n other arbitrarily chosen points, a,, . . . , a„ 
in ( (a, /9) ), and then making aj ^ a^ ^ . . . = a„ ^ a. 

Thus if H be the difference between f{x) and (2) at any point a; in ( (a, ^) ) 
we have 



fix) = 2'A,,p,.{x} + S, 


and in order that this difference shall be at «,, a^, . • . , an, we have 



(3) 



f{aj) = lAsf, 



(4) 



j ^\, . . . , n. Eliminating the A'& from (3) and (4), the function (2) is designed. 
Thus 

f{x) , 1, (pi{x) , ..., (fix) 



f{a) , 1, (p^{a) , 



f»(«) 



/(«n), 1, <Pl{an), ••■> fni^n) 



1, (pi{a), ..., <p^{a„) 



= li. 



(5) 
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But the function ^ is a one-valued and continuous function of x which 
admits an indefinite number of one-valued and continuous derivatives in 
( («, ^) ). Since it has the n -\- 1 zeros a„, . . . , «„, we have for the value of Ji, 
by a well known elementary theorem, 



Ji = 



_ («; — «(,)... (.-c — g J 



(^ + 1)! 






where 






, means the (u -f l)th derivative of Ji at some point u 



between the greatest and least of the numbers «,«„,..., a„. But since the 
degree of the rational integral functions in the first row is not greater than n, 
all their (n + l)th derivatives are zero, so that 



which converges to the limit 



(« + l)! -^ ^"^' 



_ (« — a)' 



,n+l 



(n + 1)! 



/»+'(«), 



when the a'a converge to the limit a, and now u lies between x and a. At the 
same time the limit of the left side of (5) is evaluated in the usual way by per- 
forming on the numerator and denominator the operation 



r 9 



9ai 









Whence we have 

f{x) , 1, ^,(a;) , 
f{a) , 1, ^,(a) , 






/"(a), 0, , ..., ^-(a) 



f,'{a) ipi\a) . . . (p-{a.) 



{n + 1)! ^ ^"''' 



or 



/•(-)-p*(-) = %=^ /""(«). 
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By hypothesis the limit of the right side is zero, since this is the condition 
thaty(iB) can be expanded in powers of (x — a), when n = co for all values 
of X in ((«, ^)). By the above construction the coefficients A^ are assigned 
numbers for any assigned value of the integer r, and we have* 

fix) = ^A^<p,{x). (6) 





2. The function 

„ /^^ — 

dx' 



fr{«>) = ;xi H* - «) (« - ^)\''> 



is a rational integral function of degree r, which we write P/ for brevity. The 
function /■(«) being as before in § 1, we have 

f{x) = i:A,P:. (7) 



This function admits of integration between the limits a and fi, and we can 
determine the coefficients A^ in a new form as follows. 

The function P^ is such that its first r integrals taken from a to /9 are 
zero, for the parts independent of the arbitrary constants will contain some 
power of {x — «) (« — /3) as a factor. 

Write 



■j J (?« J dxf(x) 

{.a a 

j fdxfdxP;- [ = P/ 



with obvious generalization. 

Then integrating (7) successively between « and /?, we have 

Fj = hiA„ , 

F^ = h^Afi -\- P^ Ai , 

F, = Mo + ^V-1. + ^s'^2 , 



•See Annals of Mathematics, Vol. VII, p. 41. 
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Wherein for brevity we write A, ^ (/3 — "^A ! • These equations serve 
to determine the A,.'s. Thus 

F„ A„ ..., 

F„ A„ I\\ ..., 



4'-> =-- (— l)*- 






h,p,' . . . pr' 



An assigned number corresponding to an assigned r. This coefficient contains 
no derivatives oif{x), but is constructed wholly with definite integrals of the 
functions involved. In particular 

" a. 

is the mean value of f{x) in ( («, /3)). We propose to examine this expansion 
from an entirely independent point of view. 

3. The successive integrals of a function <p (x) can always be expressed by 
a single integral as follows. 

Let 



then 



Generally, if 



then 



Now, 



j(f>{x)dx = <p^{x), 
P^<f>,{x) = 4,{x) . 

\ jdx \ ^(x) = <p,.(x) , 

' X \ r— 1 

jdx I <p{x) = B^<p^(x) = i.Vi(«) • 
j ^{x)dx =^,{x) — <pi{a). 



X 

^dx 



^{x) = <pj^x) — ^^(a) — {x — a) <p^{a) , 
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^"(^)-f'^^Tr^^»-'(«)' 



= _(^ 



(n-l) 



«">"-! 
^i^(«) 



and by an easy generalization, 

But 

Integrating between a and », we have 

^«(«') - f ^ ,,; i*«-r(«) =j ^(^_(); i^(«)rf« • 
Since x — « is positive for a; in ( (a, ^) ), this can be written 

^Wj (n-l)! ^« = ^„-|^i^("). 

where u is some number in the interval (a, «). 
4. If the first n integrals of a function ^^(le), 

I r^ V 



^r(«) 



= [/'1 



i^(a'). 



(r = 1, 2, . . . , n) are zero when x = ^, then the function 5^(«) is for n dis- 
tinct values of x in (a, /3). For, j*„(a!) = when x = a and x= ^. Its deriva- 
tive ^„_i(a!) is therefore zero for some value m, between a and /3. Therefore, 
since 5^„_i(a;) is zero at a, Mj, /9, its derivative i^„_2(i») is zero for some value of 
X in each of the intervals (a, Mj), (m,, /3). But 4>n-%{^) is also zero at a and /9, 
or vanishes four distinct times in ( (a, /9) ). Continuing, thus we find that 
<pi{x) is zero at a and ^ and also at n — 1, distinct values between a and /3, or 
altogether n -\- \ times in the interval ( («, /9).). Therefore the derivative j^(a;) 
of ^1(05) vanishes n distinct times in (a, ^). 

5. Employing the notations of § 2, the function 

ZJn 

* > -'■ X 

., 
., 
., 



/(«>). 


1 , 


Pi , 


Px' , 


i^: . 


K , 


, 


, 


^2 . 


K > 


-'2 ) 


, 


^3 , 


h , 


P' 

-^ 3 > 


pi 


-^n+l. 


K+i, 


p' 


P'i 



pn 



(8) 



J. pi pn 



n+1 
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is such that its first ?* + 1 integrals between a and x all vanish for x = /9.* 
Therefore this function vanishes n -\- \ times between a and /9 at, say, Mj, . . . , 
UnJt\- It- is therefore equal to 

(x — ?<,) ... (a; — M„+,) ^„+,. X 
(71 + 1) ! •' ^ ^ ' 

where u lies between the greatest and the least of the numbers «, m,, . . . , w„+i. 
But 

= ^ (^ _ «)n+l, 

where — 1 < ^ < + 1, for all values of x in ((«, ^)). Therefore, we have 






(») 



If /"(«) can be expanded in powers of (x — «) up to and including /9, the 
last term on the right has for its limit when m = oo and the series 

s 

/■(«') = JZH, //(*) dx + IA ,,/'/ (10) 

a 

is convergent and represents f(x) for all values of a; in ( (a, /3) ). In the series 
(10) the coefficients A are independent of x and of derivatives of /(«), being 
constructed with definite integrals from « to /J. 

The test for the converyence of the series is unfortunately made to depend 
on the derivatives olf(x). It is desirable that the equivalent of (8) should be 
evaluated in terms of a definite integral of f(x). The great importance in 
physics of the expansion of an arbitrary function in terms of Laplace's func- 
tions is well known. It is analytically of the greatest importance that the 
expansion of a one-valued function that is continuous in an interval should be 
completely solved independent of the operation of differentiation, since there 
exist such functions whose derivatives are wholly indeterminate and therefore 
can play no part in the investigation of their properties.! 



• As a matter of detail we observe that /"J" has its n rootfi real and in («, /9), and also for r < v 
t Annals of Mathematics, Vol, 10, p. 17. 






